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More Classical Modéd Theory

Definition:

1. Aninfinite definable subset @(4#1) of amodel M
IS strongly minimal if any definable subset of
g(M') in any elementary extension M’ of M is
finite or cofinite.

2. A model Ml isstrongly minimal if any definable
subset of any elementary extension M’ of M is

finite or cofinite.
(Here "definable" = "definable with parameters’.)

Remark:
Strong minimality (of a model) implies uncountable
categoricity and is a property of the theory.

Baldwin-Lachlan Theorem (1971, contd.):

Each uncountably categorical model contains a
strongly minimal subset over which it isthe prime
model. The dimension of the mode! is (roughly) the
size of the largest algebraically independent subset.




More Classical Model Theory (contd.)

Recall:

1. The dlgebraic closure of aset ALl M isthe set of
al mL M which are the contained in afinite set
definable over A. (Such mU M iscalled
algebraic over A))

2. If mLM isagebraic over A then misalgebraic
over afinite subset A" L1 A.

3. A theory T ismodel complete if for any models
MON of T, wehave il < N.

4. If atheory T ismodel complete, then the set T

of its LI1[_-consequences axiomatizes T .




Definition:

Let M beastrongly minimal model.

1. Then M together with the algebraic closure
operator forms a pregeometry, i.e., acl(-) isa
finitary closure operator with the exchange property.
2. This pregeometry istrivia if for all nonempty
subsets ALI M,

acl(A) = Jacl({a})

alJA

Remark:

All the above-mentioned uncountably categorical
models are strongly minimal with trivial
pregeometry.

Theorem
(Goncharov, Harizanov, Laskowski, Lempp, McCoy)

For any trivial, strongly minimal theory T,

the elementary diagram Th(#i,, ) of M

Isamodel complete L,,-theory (i.e., in the expansion
by constants for all elementsof M).



Corollary:

Let Ml be computable, trivia, strongly minimal
mode!.

Then Th(#M) formsa Q"' -computable theory.
Thus all countable modelsof Th(#Ml) are

0''-decidable (and so in particular O'' -computable).

Proof:
By the Theorem, Th(#,,) axiomatizes Th(#,, ),
so the latter, and afortiori Th(41),

Isa 0''-computable set.
Now by Harrington/Khisamiev (relativized to 0''),
each countable modelsof Th(#M) is

O''-decidable (and so in particular O'' -computable).

Remark:

By an example of Goncharov and Khoussainov, the
assumption of strong minimality in the above
corollary Is necessary.



A first computability-theoretic
proof attempt for the corollary:

Define an "infinitary" logic L™ by replacing the usual
first-order quantifiers by

e [1” ("for al but finitely many"), and

o =% ("thereexist at most finitely many™).

Proposition:
The L”-theory (indeed the L™ -elementary diagram)
of any strongly minimal model is O' -computable.

Proof: Use induction on the number of free

variables, querying oracle O’ repeatedly, since

e [1” isequivalentto C=¥= and [ (for some k),
and

o [~ isequivaentto =X and C*= (for some K).

by the following lemma (and we can find the

appropriate K computably in 0" ).



Nonfinite Covering Property L emma:

For any strongly minimal model #i and any formula
@(X,Y), thereisafinite bound K such that for any

bOM, @(M,b) isinfinite or hassize at most K.

Claim:

For any L”-formula @(X,y) andany b OM ,
theset {a: M @(a,b)} iscomputable, with index
uniformly computablein Q' .

Proof:

By induction on the quantifier complexity of @(X,VY):
Fix @(X,y) = Czy(X,Y,2).

For K =1,2,..., check, using Q' , if there are

o k many distinct c O M with i E ¢(a,b,c), and
e k many distinct d OM with M F = ¢ a,b,c).
One of these will eventually fail by the above lemma.



Moreon Mode Completeness (Kueker):

Definition:
An OC-formula @(y) and an existential formula
W(X,Y) (bothin L) form alinked pair (for T) if
1. TELCyéd(y), and
2.TEOyDy'(8(y)08(y') O

W(X’ y) - W(X1 y’))

Proposition:
Th(#l,, ) ismodel completeiff

for each L-formula ¢(X), thereisalinked pair
(6,¢) (for Th(#1)) such that

MEOY(O(y) - OX(#(X) ~ ¢(x,y)).
(Thus model completeness of the elementary diagram
IS aproperty of the theory!)



M odel-theoretic Corollary:

Every trivia, strongly minimal theory is [L11[ -
axiomatizable.

Computability-theoretic Corollary:

The spectrum of computable models SCT(T) of a
trivial, strongly minimal (and not totally categorical)
theory T isa 3 o-subset of & (I {a}.

Remarks:

1. Theonly examples known thus far of spectraare
Intervals, and only one kind of these is neither an
initial nor afinal segment of cv [1{a} .

2. Onthe other hand, no arithmetical bound for the
complexity of SCT(T) was previously known.



Proof of the Theorem:

Wefix amodel M, of T and set
T =Th((#H,),)
L = L,\,Io
We need to show T~ to be mode complete,
i.e., that given M, < M, N and M (O N,

wehave f{ < N .
(In fact, it sufficesto show thisfor M1, N of some

fixed cardindity > |M,|.)



Definition:
Call an L -formula ¢(x) absoluteif for all b M,
M F ¢(b) Iff N ¢(b)

We need to show that every L -formula is absolute.

Call ¢(X,y) an (n,m)-formula
if X,y areof length N, m, respectively.
Define the following statements. o
A\, .. For dl absolute (n,m)-formulas @(X,Y),
[T° y@(X,Y) isabsolute.
B, . For al absolute (n,m)-formulas @(X, y)
andal bOM,
NEO"y ¢(b,y) implies ¢(b, ) = #(b,N) .

C, ,: For al absolute (n,m)-formulas g(X,y),
Cy@(X,Y) isabsolute.

The absolute formulas are closed under Boolean
connectives, so we need to show C_ , for all n.
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Claims:

1. A= A whenever n=n" and m=n"
(and similarly for B, ,,and C, ).
Bn,m — Cn,m

Bn,m — Ah,m+1
B, ,, holds

Bn,m+1 [ Ah+l,m — Bn+1,m

o &~ W N

Now C, ; follows by induction on the claims.

Proof sketches:

1. Trivial.
3.UseC, , (from2)toreduce A, ., to B .

4. Use strong minimality.
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Proof:

2. Typical for the proofs of claims 3 and 4 also:
By induction on kK <m, prove C_ .

Notethat C_ , isvacuous.

Assume C_  for k <m.

Fix an absolute (N, k + 1) -formula @ (X, y)
andb OM with NELyg(b,y).

Casel: NE U" y@(b,y): U B, ,,, and so
¢ (b, M) = $(b,N).

Case2: NE [ y@(b,y) : Partition y into Wz

such that N |E [ wikzg (b, wz).

Then {e ON:NE Cz@(b,ez)} iscofinite,
so thereis a L1 M, such that

NE E2¢(5,a2) .
Then ¢(b,az) isan absolute (N, k)-formula
Now apply C, .
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Proof sketch:

5. Core of the argument:
Here we finally use triviality and the following fact
from stability theory:

Finite Satisfiability Lemma:

Suppose M, < N are strongly minimal and b,c N

such that

1. atleast oneof b,cisin acl(M, 0{€}) for some
single e LIN, and

2. acl(M,O{b}) nacl(M,0{c}) = M,.

Then for any L -formula ¢(X,y) and any b,c ON,
NE ¢(b,c) implies N[ ¢(a,c) for somea M,
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Rough Sketch: - B
Fix an (n,m+1)-formula @(X,VY,z) and a,b L1 M

with N O z¢(a,bz).
Fix c ON with N E ¢(a,bc).

WeclamthatcOM.
FixelM \acl(M,{a}).

Casel: NE [ z@(a,e2) : Thenthereareonly
finitely many d ON with N [T z¢(a,d2).

By Ah+1,m’

Y(xy,2) = g(xy,z) OO we(xy,w)
IS absolute, and by the above

NEO"yzy(a,yz).

Thus, by B bcOM.

n,m+1’
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Case 2: NF_U z¢(a,ez) Letc, (is_r) be all
the solutions z, partition each C; into d; €, where

d, Oacl(M,0{a}) ,
By triviality, e_J [acl(M,

By finite satisfiability,

N \ad (M, O{a}).
1{€}).

acl(M, 0{ad }) n acl(M, O{ee}) = M,

By finite satisfiability (twice), we obtain

1.b'e; OM, with

XE ¢(abid &) 00°ug(abu e) anc

2.a'd’ OM, with

NE ¢(a’,bd’e) 0"y

p(@ bdv,)

By A, both these formulas are absolute.

By similar further argument,

B,,., showsc M.
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Possible Extensions

1. Doesour result extend to strongly minimal
models with locally modular nontrivial
pregeometry? (By work of Hrushovski, any such
model is essentially a vector space or an affine
Space over adivision ring.)

2. Does our result generalize to non-strongly
minimal uncountably categorical models with
trivial pregeometry? (There is a good model-
theoretic analysis of how the uncountably
categorical model is built up from the strongly
minimal subset. By the example of Goncharov
and Khoussainov, the result does not extend
directly. However, recent ongoing work of
Dolich, Laskowski and Raichev gives an
arithmetical bound, probably depending only on
the Morley rank.)

3. Doesour result generalize to models of finite
Morley rank? (Recall that any uncountably
categorical model has finite Morley rank.)

4. Can Q"' beimproved to Q' ? We conjecture "no",
and can prove "no" for the uniform version.



